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We study the mechanism of orbital-order melting observed at temperature TOO in the series of rare-earth
manganites. We find that the purely electronic many-body super-exchange mechanism yields a transition
temperature TKK that decreases with decreasing rare-earth radius and increases with pressure, opposite to
the experimental TOO. We show that the tetragonal crystal-field splitting reduces TKK further increasing the
discrepancies with experiments. This proves that super-exchange effects, although very efficient, in the light of
experimentally observed trends play a minor role for the melting of orbital ordering in rare-earth manganites.
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I. INTRODUCTION
The role of orbital degrees of freedom1 in the physics of
LaMnO3, and in particular the cooperative Jahn-Teller transi-
tion, has long been debated.1–5 Ab initio LDA +U calculations
show that Coulomb repulsion effects are key to understanding
the orbitally ordered antiferromagnetic ground state.4 The
purely electronic super-exchange mechanism alone, however,
is not sufficient6 to explain the presence of cooperative
Jahn-Teller distortions in nanoclusters up to T ∼ 1150 K7,8
(orbitally disordered phase). Still, super-exchange effects are
rather large: TKK, the temperature at which super-exchange
alone, i.e., in the absence of static Jahn-Teller distortions
due to electron-phonon coupling, would drive the transition
is remarkably close to TOO, the temperature at which the
cooperative Jahn-Teller distortion disappears in resonant x-ray
and neutron scattering.9 This fact could indicate that super-
exchange, although insufficient to explain the persistence of
Jahn-Teller distortions in the orbitally disordered phase, plays
a major role in the orbital order-to-disorder transition (orbital
order melting) observed at TOO. Here we resolve this issue.
Remarkably, orbital-order melting has been observed10–12
in the full series of orthorhombic rare-earth (RE) mangan-
ites, REMnO3. These systems are perovskites (Fig. 1) with
electronic configuration Mn 3d4 (t32ge1g). In the cooperative
Jahn-Teller phase (T < TOO), the MnO6 octahedra are tilted
and rotated and exhibit a sizable Jahn-Teller distortion with
long and short MnO bonds antiferro-ordered in the xy plane
and ferro-ordered along z. Neutron and x-ray diffraction
data show that TOO increases from 750 to ∼1500 K with
decreasing ionic radius IR (La → Dy);9–12 under increasing
pressure eventually orbital order melts,13,14 while Jahn-Teller
distortions still persist in nanoclusters.8
The strength of super-exchange is directly linked to the
amplitude of the hopping integrals, which depend on the cell
volume and distortions.15,16 In the REMnO3 series the volume
decreases with ionic radius. Tilting and rotation, however,
increase, because of the increasing mismatch between the Mn-
O and RE-O bond lengths. For LaMnO3 a volume collapse at
TOO has been reported.17 Under pressure, up toP = 18 GPa the
volume decreases by ∼10%, while tilting or rotation slightly
decreases. A sizable volume reduction typically increases the
Mn-O hopping integrals, while tilting and rotation tend to
reduce them, reducing super-exchange effects. The scenario is
FIG. 1. (Color online) Orbital order in TbMnO3, as obtained by
LDA+DMFT calculations. The pseudocubic axes pointing along Mn-
Mn bonds are shown in the left corner.
further complicated by the local crystal field,6,18,19 which can,
depending on its size and symmetry, help or compete with
super-exchange, and thus even reverse the trends.
In this work we clarify the role of the purely electronic
super-exchange mechanism in orbital-order melting. To do
this, we perform ab initio calculations based on the local
density approximation (LDA) + dynamical mean-field theory
(DMFT) method20 in the paramagnetic phase for fixed atomic
position, explicitly setting to zero the static Jahn-Teller crystal-
field splitting εJT, and excluding the effect of phonons. Apart
from εJT, a tetragonal crystal-field splitting εT is present. We
show that, in the absence of such crystal-field splitting, while
in LaMnO3 TKK ∼ TOO, in all other systems TKK is 2–3 times
smaller than TOO. Thus, while TOO strongly increases with
decreasing ionic radius, TKK slightly decreases. Taking the
tetragonal splitting into account, these trends are enhanced
even further. This proves that, although very large, in view
of the reported experimental trends, super-exchange plays a
minor role in the orbital-melting transition.
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II. MODEL AND METHOD
The minimal model Hamiltonian to study super-exchange
effects in manganites is the Hubbard model for the eg bands
in the magnetic field h = JSt2g of disordered t2g spins St2g :21
H =
∑
i
εJTτix + εT τiz
∑
i =i ′mσm′σ ′
t
i,i ′
m,m′u
i,i ′
σ,σ ′c
†
imσ ci ′m′σ ′
−h
∑
im
(nim⇑ − nim⇓) + U
∑
im
nim⇑nim⇓
+ 1
2
∑
im=m′σσ ′
(U − 2J − Jδσ,σ ′ )nimσnim′σ ′ . (1)
Here c†imσ creates an electron with spin σ =⇑ , ⇓ in a Wannier
orbital |m〉 = |x2 − y2〉 or |3z2 − r2〉 at site i, and nimσ =
c
†
imσ cimσ . ⇑ (⇓) indicates the eg spin parallel (antiparallel) to
the t2g spins (on that site). In the paramagnetic state, the matrix
u (ui,i ′σ,σ ′ = 2/3) accounts for the orientational disorder of the
t2g spins;21 t i,i
′
m,m′ is the LDA15 hopping integral from orbital
m on site i to orbital m′ on site i ′ = i, obtained ab initio
by downfolding the LDA bands and constructing a localized
eg Wannier basis. The on-site term εJTτix + εT τiz yields the
LDA crystal-field matrix. It is the sum of a Jahn-Teller
(εJTτix) and a tetragonal (εT τiz) term, where τix and τiz
are the pseudospin-1/2 operators τix = 12
∑
σ,m=m′ c
†
imσ cim′σ ,
τiz = 12
∑
σ,m(−1)δm,x2−y2 c†imσ cimσ . U and J are the direct
and exchange screened on-site Coulomb interaction. We
use the theoretical estimates J = 0.75 eV, U ∼ 5 eV (see
Refs. 6, 22, and 23) and 2JSt2g ∼ 2.7 eV;23 we find that, in
the high-spin regime, TKK is not sensitive to the specific
value of 2JSt2g , and therefore we keep h fixed in all results
we present. We solve (1) within dynamical mean-field theory24
using a quantum Monte Carlo25 (QMC) solver, working with
the full self-energy matrix mm′ in orbital space and a 4 Mn
supercell with the Pbnm space group;15,19 this ensures that we
properly account for the point symmetries and the essential k
dependence.26 We construct the LDA Wannier functions via
the downfolding procedure based on the Nth-Order Muffin-Tin
(NMTO) method.15 Additionally, we perform calculations
based on the Linearized Augmented Plane Wave approach
(LAPW)27 and construct maximally localized Wannier func-
tions following the Marzari-Vanderbilt procedure.28 The band
structures and parameter trends obtained with the two methods
are very similar.29
To determine the super-exchange transition temperature
TKK we use two independent approaches. In the first, we
calculate the order parameter p as a function of temperature T
(Fig. 2, bottom); in the second we calculate the T = 0 total en-
ergy gain EKK (Fig. 2, top) due to orbital order. To disentan-
gle the effects of super-exchange from those of the static Jahn-
Teller crystal field we perform the calculations for εJT = 0.
In the first approach, the order parameter for orbital ordering
is the orbital polarization p ≡ |n1 − n2|, where |1〉 and |2〉
are the natural orbitals,31 i.e., the eigenvectors of the density
matrix in eg space.32 To determine the trends in TKK we
calculate p = p(T ) for all materials in the series. They differ
in (i) hopping integrals and (ii) crystal field, due to static
distortions.33 We calculate p for the real system (H LDA),
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FIG. 2. Top: Energy gain per formula unit due to orbital polar-
ization, E[p(T )] = E(T ), in the case of LaMnO3. Error bars
are smaller than the symbols. Bottom: Order parameter (orbital
polarization) p(T ) vs temperature.
for ideal structures with the same hopping integrals but no
crystal field, εT = εJT = 0 (Fig. 3), and for ideal structures
with only tetragonal splitting, εJT = 0 (Fig. 4). As expected
for an order parameter, in the absence of a crystal field,
p(T ) ≈ 0 for T > TKK while p(T → 0) = 1 (see Fig. 2); TKK
obtained from p(T ) in the absence of a crystal field is shown in
Fig. 3. In the presence of a finite tetragonal crystal field (εT 
100 meV), the orbital polarization p(T ) is finite and sizable
even above 1200 K, but the most occupied natural orbital,
|θ〉 = − sin θ2 |x2 − y2〉 + cos θ2 |3z2 − r2〉, suddenly changes
as the temperature approaches the critical temperature T εTKK;
the rotation of |θ〉 with temperature is shown in Fig. 4.
In the second approach we obtain the energy gain due
to orbital order from the difference in total energy between
0
 500
 1000
 1500
 1.05  1.1  1.15  1.2
T 
(K
)
IR (Å)
LaNdTbDy
T 
(K
)
T 
(K
)
T 
(K
)
T 
(K
)
T 
(K
)
 1.25
T 
(K
)
T 
(K
)
T 
(K
)
T 
(K
)
T 
(K
)
T 
(K
)
T 
(K
)
T 
(K
)
 1.25
T 
(K
)
T 
(K
)
T 
(K
)
T 
(K
)
FIG. 3. (Color online) Orbital-order transition temperature TKK30
vs RE3+ radius in the REMnO3 series, with RE = Dy (triangles),
Tb (squares), Nd (pentagons), La (circles). Full (empty) symbols:
TKK from LDA + DMFT total-energy (order parameter) calculations.
Symbols of decreasing size: P = 0, 5.4, and 9.87 GPa. Crosses:
Experimental values (ambient pressure) from Refs. 10–12.
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FIG. 4. (Color online) Rotation of the most occupied state |θ〉 as
a function of temperature in the presence of a 130 meV tetragonal
crystal field. The orbitals are shown for TbMnO3. The most occupied
orbital remains well defined in the full temperature range; the orbital
polarization is merely reduced by 30% at ∼800 K.
the orbitally polarized and the orbitally disordered states, in
the absence of crystal fields (εT = εJT = 0). We first perform
LDA+DMFT calculations for decreasing temperature and
calculate the total energy per formula unit at temperature T
and polarization p = p(T ), ETOT(p). Next, we repeat the same
procedure, but with the constraint p = 0 (1,1 = 2,2 and
1,2 = 0).
The total energy is given by34
ETOT(p) = ELDATOT + 〈H 〉p − ELDAeg − EDC.
Here ELDATOT is the LDA total energy; ELDAeg is the thermal
average of (1) in the noninteracting limit (U = J = 0),
ELDAeg =
1
β
1
Nk
∑
kn
Tr
[
H LDAk G
LDA
k (iωn)
]
eiωn0
+
,
where H LDAk is the noninteracting part of (1), GLDAk is the
corresponding noninteracting Green-function matrix, ωn are
Fermionic Matsubara frequencies, and β = kBT ; 〈H 〉p is the
actual thermal average of (1) for polarization p(T ); finally,
EDC is the double-counting correction, which subtracts the
correlation energy already contained in the LDA total energy.
Since ELDATOT , ELDAeg and EDC do not depend on the constraint
p = 0, only 〈H 〉p contributes to the energy difference
E(p) = ETOT(p) − ETOT(0) = 〈H 〉p − 〈H 〉p=0. (2)
〈H 〉p can be split34 into a single-electron contribution [from
the first three terms in (1)], and a correlation contribution [from
the last two terms in (1)]. We evaluate the single-electron
contribution as ELDAeg , however, with G
LDA
k (iωn) replaced
by the full Green-function matrix including the self-energy
matrix. We obtain the correlation term with QMC from the
double-occupancy matrix. Since −ETOT(p) ∼ 10−50 meV,
error bars, in particular the QMC statistical error on the
double-occupancies matrix, have to be controlled to high
accuracy.35
The total-energy gain for LaMnO3 is shown in Fig. 2. We
obtain similar behavior for the other systems. While in the
constrained calculations, by construction, p = 0 in the full
temperature range, the unconstrained calculations yield finite
p below TKK; the polarization reaches its maximum value
in the zero-temperature limit. Thus, in the zero-temperature
limit, we can extrapolate from E(p) the super-exchange
energy gain due to orbital polarization, EKK = ETOT(p =
1) − ETOT(p = 0).
III. RESULTS
Remarkably, we find that the static mean-field36 relation
TKK ≡ |2EKK|/kB, which is valid for a spin-1/2 Heisenberg-
like model1 with arbitrary coupling constants, gives transition
temperatures close to those obtained from order-parameter
calculations, the difference being a mere small shift.37 Our
results are shown in Fig. 3. WhileTKK ∼ TOO in LaMnO3, in all
other systems TKK is a factor 2–3 smaller than the experimental
estimate for TOO. Moreover, TKK is maximum in LaMnO3
and roughly decreases with ionic radius from RE = La to Tb,
and then increases again. TKK also increases under pressure.
These trends are opposite to those reported experimentally
for the orbital melting temperature.26 They can be ascribed
to the increasing distortions along the REMnO3 series, and
the decrease in volume and tilting or rotation with increasing
pressure. Finally, for all systems super-exchange favors the
occupation of the orbital (signs are given for the site displayed
in Fig. 4) |θ〉 = − sin θ2 |x2 − y2〉 + cos θ2 |3z2 − r2〉, with θ =
90◦, while experimentally θ ∼ 108◦ in LaMnO3 increasing
with decreasing ionic radius to 114◦ in TbMnO3.38
Due to the competition between the tetragonal crystal-field
splitting εT and super-exchange (which favor the occupation
of different orbitals), TKK is reduced42 even further. We find
that for finite εT the system is orbitally ordered already at
high temperature due to the crystal field, but the occupied
orbital has θ = 180◦. In Fig. 4 we show the results for εT
fixed at ∼130 meV, sizable but smaller than for any of the
considered systems (see Fig. 5). We find that at the reduced
critical temperature T εTKK, super-exchange rotates the orbital
toward 90◦. The change in TKK is small for LaMnO3, but
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FIG. 5. (Color online) Evolution of the crystal field with the
RE3+ radius (structural data from Refs. 11, 39–41). Filled circles
of decreasing size: LaMnO3 for P = 0, 5.4, and 9.87 GPa.13 Inset:
Calculated occupied orbital.
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TKK is reduced to 400 K for NdMnO3, and even more for
DyMnO3 and TbMnO3. Furthermore, in the zero-temperature
limit, the smaller T εTKK, the closer is θ to 180◦. Thus a fixed
εT ∼ 130 meV enhances the trend found for εT = 0: TKK is
larger in LaMnO3 and decreases going to DyMnO3. Still, even
for LaMnO3, θ is significantly larger than the experimental
108◦. This means that a Jahn-Teller crystal-field splitting εJT
is necessary to explain the experimental θ ; Fig. 4 shows that
such splitting has to increase for the series RE = La, Nd,
Dy, Tb. Taking into account that tetragonal splitting actually
increases with decreasing pressure, and substituting La with
Nd, Tb, or Dy (Fig. 5), this trend is enhanced even more. For εT
corresponding to the real structures, down to 150 K we find no
super-exchange transition for all systems but LaMnO3. These
results can be understood qualitatively in static mean-field
theory. In the simplest case, super-exchange yields just an
effective Jahn-Teller splitting εKK = 〈τx〉λKK, where λKK is
the molecular field parameter; the self-consistency condition
for orbital order is
〈τx〉 = 12 sin θ tanh
(
β
√
ε2T + ε2KK
/
2
)
,
with sin θ = εKK/
√
ε2T + ε2KK. This equation has a nontrivial solu-
tion (θ = 180◦) only if λKK/2 > εT . The critical temperature
is
T
εT
KK
/
T 0KK =
(
εT /2kBT 0KK
)
/ tanh−1
(
εT /2kBT 0KK
)
,
with kBT 0KK = λKK/4; it decreases with increasing εT , while
θ → 180◦.43 For large enough εT (εT > λKK/2) there is no
super-exchange driven transition at all.
IV. CONCLUSIONS
For the orbital-melting transition in rare-earth manganites
REMnO3, we find that many-body super-exchange yields a
transition temperature TKK very close to TOO only in LaMnO3,
while in all other systems TKK is less than half TOO. Moreover,
we find that a tetragonal splitting εT reduces TKK even further;
εT increases when La is substituted with Nd, Tb, or Dy and
decreases under pressure, further enhancing the discrepancy
with experiments. Finally, super-exchange effects become
larger with increasing pressure, while experimentally orbital
order eventually melts.13,14 Our work thus proves that, in the
light of the experimentally observed trends, super-exchange
plays a minor role in the orbital-melting transitions of rare-
earth manganites.
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